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Interpretation of Dirichlet, Bartlett, Hanning and
Hamming windows using Fractional Fourier
Transform

P.V.Muralidhar,Venkata.L.Nsastry D, and S.K.Nayak.

Abstract—AnApproximated  Exponential ~ Fractional
Fourier Transforms(FrFT) Mathematical derivation for
Dirichletwindow, Bartlettwindow,Hanning window and
Hamming window is proposed. By control the parameter of
FrFT,it is possible to control the Spectral parameters of
above windows like Half Bandwidth (HBW), Maximum Side
Lobe Attenuation(MSLA) and Side Lobe Fall Of
Ratio(SLFOR).This proposed derivations are also holds good
for generalization of FrFT with Fourier Transform(FT).

Index Terms—Fractional Fourier transform, Dirichlet
window, Bartlett window, Hamming window ,Hanning
window.

NOMENCLATURE
FT: Fourier Transform
FrFT: Fractional Fourier Transform

1.INTRODUCTION

In order to reduce the effects of spectral leakages in
Harmonic analysis, windows are used [1]. window functions
successfully used in the areas like interpolation factors to
design Anti-Imaging filters, speech processing systems, digital
filter design and beam forming [2]-[3].windows are also useful
to solve reconstructive errors which are objective functions to
design the prototype filters [4].windows are essentially
Applicable in spectral analysis of signals[5]-[6].According to
[3].as the parameter of FrFTi.ea =§ which could not holds

good for generalization of FrFT to FT [7].In this
propsedDerivatrion of FrFT,An attempt is made to study the
variations of window parameters like HBW,MSLA and
MSLFOR by different values of fluid parameter of FrFT to FT

ata = g This paper is organized as follows. ::section-II gives

an overview of FT,and mathematical model of windows by
using FT. section-1ll gives an overview of FrFT,and
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mathematical model of windows by using FRFT. Later
conclusive remarks are discussed in section-IV.
2.Fourier Transform

FT is a mathematical model used for frequency analysis
of continuous signals[8]-[9].and it finds applications in
Harmonic calculations of the signal spectrum[10].
2.1Dirichlet window function

The mathematical analysis of Dirichlet window using FT
is carried out in the following section. theMathematical
characteristic equation of Dirichlet window is

x(t)=1 for |t]| <0.5

=0  otherwise ------ (1)

The Fourier transform of above equation is

X(w) = ftzx(t) exp(—jwt) dt — — — (2)
Substitute equationt—l(l) in equation-(2) then, we get
t;

X(w) = f 1l.exp(—jwt) dt — — — (3)

By solving above equtétion and applying limits, then

exp(—jwt exp(—jwt

X(w) = p( J 2) _exp( J 1)___(4)
—jw —jw

Thus equation-(4) can be seen that FT of Dirichlet window

function and it’s spectral Responses are shown in Fig:1.

2.2 Bartlett window function

According to [11] Bartlett window is obtained by
convoluting the two Dirichlet windows which is derived
above. and it’s spectral Responses are shown in Fig:2.

2.3Hanning and Hamming Window functions
The expression for generalized Hanning and Hamming
window functions are [11]

x(t) =B+ (1 —pB)cos(2mt) [t| <1———(5)
= 0 otherwise.
For Hanning window function 8 = 0.5 and § = 0.54 for
Hamming window.
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X

Ly
= B
ty
exp(j2mt) — exp(—j2mt)
2

+(1 - B)(
-

Jexp(—jwt)) dt — —

The equation-(7) can be divided into three terms X; X,, X,
Where

ty
X, =P | exp(—jwt)dt———(8)
t
1-p (2 '
X, = — exp(j2mt) exp(—jwt) dt — — — (9)
t
(g g
X; = — exp(—j2nt) exp(—jwt) dt — — — (9)

ty

Solving for X;

The expression for X;is similar to Drichlet window function
which was derived in section IL.1 , i.e

X, =B exp(—jwt,) _exp(—jwtl)
T —jw —jw

)———am
Solving for X,

X, = %f:j exp(j2mt) exp(—jwt) dt----(11)
Integrating equation-(11) and applying limits we will get

¥ = 1-p4 (exp(jzmt2 —jwt,) exp(j2mt; —ja)tl))
22 j2m — jw j2m —jw
-(12)
Solving for X,

X; = %f:j exp(—j2nt) exp(—jwt) dt----(13)
Integrating equation-(13) and applying limits we will get

. = 1-p4 (exp(—jzm,“2 —jwt,) exp(—j2rt, —jwtl))
22 —j2m — jw —j2m — jw
———(134)
Finally

X=X +X,+X;———(14)

Thus equation-(14) can be seen that FT of Hanning and
Hamming window functions and it’s spectral Responses are
shown in Fig:3 and Fig:4 Respectively.and it’s Spectral
parameters are Tabulated in Table-1.
3.Fractional Fourier Transform

Fractional Fourier Transform widely used in quantum
mechanics and quantum optics [13].Fractional Fourier
Analysis can obtain the mixed time and frequency components
of signals[14].it finds various applications like pattern
recognisition  with some spatial distortion, Image
representation , compression and noise removal in signal
processing [15]-[17].FrFT used for Interpretation of sinusoidal

signalsand design of Digital FIR Filters[18]-[19].
The continuous —time Fractional Fourier Transform of a signal
w(t)is defined through an interval [3]

wy(u) = fwa)(t)l(a(t, w)dt — — — (15)

Where the transform kernel K, (t, ) of the FRFT is
Given by

K,(t,u) = %;t(a)exp [i (tz —}2_ u2> cot(a)

— iutcosec(a)

=9(t —u)

if aismultipleof

if aismultiple of 2m
= d(t+uw) if a+misamulpiple of 2m — — — (16)

Where « indicates rotation of angle of the Transformed
signal for FrFT.
3.1Dirichlet window function
The mathematical analysis of Dirichlet window using FT
is carried out in the following section. the mathematical
characteristic equation of Dirichlet window is

w()=1 for |t] <0.5
=0  otherwise ------ a7

Now solving FRFT for equation-(17) yields

Substitute equation-(17) in equation-(15 ) and applying
limits results to

_ 2...2
w, (W) = fttlz w(t) [ ];j:(a) exp [i (t ;u )cot(a) -
iutcosec(a)] ----- (18)
Let
1 —jcot(a) jucot@
o |Lojeotl@) e (19)

2
Then equation-(18) becomes

ty

o = p

ty

t2
w(t) exp (i 5 cot(a) — iutcosec(a)> dt

- ———(20)
Substitute equation-(17) in equation-(20) results to

ty £2
wy(u) = pf 1.exp (i?cot(a) - iutcosec(a)> dt — —

ty

)

Now applying limits fttlz exp(—i%cot(a’))on both sides
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f ’ exp(—i ; cot(a)) w, ()

1

3 ts ts ] t2 ] t2
= pft ( (exp(—L?cot(a)) exp L?CO'C((Z)

1 Yt

- iutcosec(a)) dt)dt — —(22)

f ’ exp(—i ; cot(a)) w, (u)

1

= pf 2( 2(exp(—iutcosec(a)))dt)dt

1

-——(23)

fttlz (fttlz (exp(—iutcosec(a)))dt)dt
J;7 exp (—i % cot(a))

w, (W) = p ---@Y

Now equation-(24 ) divided into two parts I, and I, where

I = ftz( tz(exp(—iutcosec(a)))dt)dt - —(25)

1 Yt

I, = ftz exp (—igcot(a)> dt — — — (26)

1

Now solving for I,

Integrating and applying limits on equation-(25) ,we get

Ydt

L= ftz exp(—iut,cosec(a)) exp(—iut,cosec(a))
1 ¢ —iucosec(a) —iucosec(a)
- ——(26)

1

exp(—iut,cosec(a)) exp(—iut,cosec(a))

I = —iucosec(a) —iucosec(a) )tz —ta)
-——(027)
Now solving for I,
I, = fttlz exp (—i%cot(a))dt
According to [17]
t? 2
exp | —t—cot(a) | = (1 + i cot(a)) — — — (28)

Substitute equation-(28) in equation-(26) and integrating we
get

ty 2

I, = (a+ i%cot(a)) dt ———(29)

t2 icot(a) %2
L= 1dt+
t 2 t

1

t?dt — — — (30)

icot(a)

Li=(t,—t)+
2= (t; —t;) z

(tf —tH)— @D

Now substitute equations (27) and (31) in equation (24) we
get

w, (W) =p.-———(32)

Iy
2
Thus equation-(32) is the FRFT of Dirichliet window.

When substitute a = a~ wherea =1 in equation-(32)

results to generalized Fourier Transform given by equation-(4)
[APPENDIX-A]. By adjusting a for different values of a we
obtain different spectral responses for Dirichlet window which
are shown from figure5 to figure8.and its spectral parameters
are tabulated in Table2.

3.2 Bartlett window function

According to [16] Bartlett window is obtained by
convoluting the two Dirichlet windows which is derived
above. and it’s spectral responses are shown in figure-9 to
figure-13.and its spectral parameters are tabulated in Table3
3.3Hanning and Hamming window functions

The expression for generalized Hanning and Hamming
window functions are [16]

w() =B+ (1 —pB)cos(2nt) |t|<1———(33)
= 0 otherwise.

For Hanning window function 8 = 0.5 and § = 0.54 for
Hamming window.

w0, (1) = f 0 ’%ﬁf(“)ew [i(tz—guZ)cot(a’)

- iutcosec(a)] -——(34)

1—jcot(a) jucot@
= |———¢e¢ 2
2
Then equation-(35) becomes
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ty

o = p

ty

w(t) exp (i ; cot(a) — iutcosec(a)) dt
————(36)

Substitute equation-(33) in equation-(36) then

ty

@ = p <ﬁ+(1

ty
2

— B)cos(2mt) exp (i % cot(a)
- iutcosec(a))) dt———(37)
According to [17]

exp(i2nt) + exp(—i2mt)
2

cos(2mt) = -—(38)
Substitute equation-(38) in equation-(37) then

Ly

1—
2

(57

— B)cos(2mt) exp (i % cot(a)

we(u) = p.f B+ ( ﬁ) exp(i2mt)

ty

) exp(—i2mt) (ﬁ +(1

- iutcosec(a))) dt ———(39)

Now equation —( 39) divided into three parts I5,1, and I
Where

;=8 ’ (exp (igcot(a) - iutcosec(a))) dt — —
C —uo

The derivation for I is similar to derivation of Dirichlet
window i.e from equation-(22) to equation-(31)

ThusI; = B2 — — — (41)

I
Now solving for I,

ty 2

I, = (#) exp(i2mt) exp (i % cot(ar)

ty

- iutcosec(a)) dt — — —(42)

Multiplying fttlz (exp(—igcot(a’))) dt on both sides, we
get

f ’ (exp(—i ; cot(a))) dtl,

1

= # t12 (ft ’ (exp (—igcot(a)> . exp (igcot(a)

1

- iutcosec(a)) .exp (i27rt)> dt) dt— (43)

f ’ (exp (=i ; cot(a))) atl,

1

1-— ty ty
= 1-F ( (exp(i2mt

2 ty ty

- iutcosec(a)))dt) dt — — — (44)

Now
1-8 fttlz (fttlz(exp(iZT[t - iutcosec(a)))dt) dt

I, = ;
2 fttlz (exp(—i % cot(a))) dt
— —(45)

Again equation-(45) divided into two parts I,, and I,,

Where I,, = fttlz (fttlz(exp(iZT[t - iutcosec(a)))dt) dt —
—— —(46)

t ;%
142=ft12 (exp(—L 7cot(a))) dt— (47)
Now solving for 1,

Integrating and applying limits on equation-(46) we get

Lo ftz (exp(iZT[t2 — iut,cosec(a))
4 ¢ i2m — iucosec(a)
exp(i2nt, — iut,cosec(a))

1

)db—(4&

i2m — iucosec(a)

exp(i2mt, — iut,cosec(a))
4= ( i2m — iucosec(a)
exp(i2mt, — iut,cosec(a))
B i2m — iucosec(a) ) (t, —t)
———(49)

Now solving for 1,,

substitute equation-(28) in equation —(47) and apply
integrating and limits, then we get
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ty l't2
Iy, = f (1 + 7c0t(05)> dt — ——(50)
ty

ty icot ty

L, = f 1dt + 22 @ (t?)dt — — — (51)
ty ty
icot(a)

(t3 — t9)—(52)

Ly = (t, —t)) + 3 2=

Finally substitute equations-(49) and (52) in equation-(45)
We will get 1,

_ 1_ﬁ Iy
la _( 2 )142__ (3)
Now solving for I

ts 2

I = (#) exp(—i2mt) exp (i % cot(a)

1

- iutcosec(a)) dt —— —(54)

Multiplying fttlz (exp(—i%cot(a))) dt on both sides, we
get

t2 £2
f (exp(—i 5 cot(a))) dt I

— ty ty 2
= % . (-L (exp (—igcot(a)> . €xXp (i%cot(a)

- iutcosec(a)) .exp (—i2nt)> dt> dt— (55)

t2 £2
f (exp (=i 0l cot(a))) dtls

1— t2 t2
= 1-8 ( (exp(—i2mt

2 )y, \Uy,
- iutcosec(a)))dt) dt — — —56)
Now
1-8 f:z (fttz(exp(—iZEt - iutcosec(a)))dt) dt
I - 1 1 >
a 2 fttlz (exp(—i%cot(a))) dt
-—=(7)

Again equation-(57) divided into two parts I, and I,

Where
Is; = fttlz (ftzz(exp(—iZEt - iutcosec(a)))dt) dt — ——
—(58)

I5,=J, (exp(~i 5 cot(a))) de— (59)

IJS

Now solving for I,

Integrating and applying limits on equation-(58) we get

—i2m — iucosec(@)
exp(—i2mt, — iut,cosec(a))

| J‘tz (exp(—iZnt2 — iut,cosec(a))
51 =
t

1

) dt— (60)

—i2m — iucosec(a)

(exp(—iZT[t2 — iut,cosec(a))
51 =

—i2m — iucosec(a)
exp(—i2nt, — iut, cosec(a))
B —i2m — iucosec(a) > (tz — 1)
———(61)

Now solving for Is,

substitute equation-(28) in equation —(59) and apply
integrating and limits, then we get

ty l't2
Is, = f (1 + 7c0t(05)> dt ———(62)
t1

t2 icot(a) [t

= f 1dt + (@) (t?)dt — — — (63)
ty 2 t1
icot(a)

Is; = (t, — t;) +T(t23 —t3)—(64)

Finally substitute equations-(61) and (64) in equation-(54)
We will get 1,

Now substitute equations —(41),(53) and (65) in equation-
(39),we will get

we(W) =p. (I3 +1, +15) — — — (66)

Thus equation-(66) is the FRFT equation for Hanning and
Hamming windows. and if « =az—" where a =1 then the
equation-(66) becomes hanning and hamming windows based
on conventional Fourier transform given by equation-

(14)[APPENDIX-A].And Hanning and Hamming windows
spectral responses are shown from figure-(14) to figure-(25)
for different values of a.and their spectral parameters are
given in table-4 and table-5 Respectively.
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Figl:Spectral parameters of FThased Dirichlet window

- Fig6:Spectral response of FrFT based Dirichlet window for
a=0.9

Fig2:Spectral parameters of FT based Bartlett window

- Fig7:Spectral response of FrFT based Dirichlet window for

Fig3:Spectral parameters of FT based Hannning window a=0.8

Fig4:Spectral parameters of FT based Hamming window Fig8:Spectral response of FrFT based Dirichlet window for
a=0.7

Fig9:Spectral response of FrFT based Bartlett window for
a=1

Fig5:Spectral response of FrFT based Dirichlet window for
a=1
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Fig10:Spectral response of FrFT based Bartlett window for Fig14:Spectral response of FrFT based Hanning window for
a=0.95 a=1

Fig15:Spectral response of FrFT based Hanning window
Figl1:Spectral response of FrFT based Bartlett window for  a=0.95
a=0.9

Fig16:Spectral response of FrFT based Hanning window
Fig12:Spectral response of FrFT based Bartlett window for ~ a=0.9
a=0.85

Figl7:Spectral response of FrFT based Hanning window
Fig13:Spectral response of FrFT based Bartlett window for  a=0.85
a=0.8
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Fig18:Spectral response of FrFT based Hanning window Fig22:Spectral response of FrFT based Hamming window
a=0.8 a=0.9

Fig19:Spectral response of FrFT based Hanning window Fig23:Spectral response of FrFT based Hamming window
a=0.75 a=0.85

FngO Spectral response of FrFT based Hamming window -

Fig24:Spectral response of FrFT based Hamming window

- a_os
Fig21:Spectral response of FrFT based Hamming window -

a=0.95

Fig25:Spectral response of FrFT based Hamming window
a=0.75

Tablel:Spectral Parameters of FT Based Windows

window HBWindB  MSLAindB SLFOR
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indB
Dirichlet 0.0546 -13.3 -16.41
Bartlett 0.0195 -27.3 -44.81
Hanning 0.0195 -31.5 -44.86
Hamming  0.0234 -42.5 -45.14

Table2:Spectral Parameters of FrFT Based Dirichlet

window for variations in a

a HBW in dB MSLA indB SLFOR
indB
1 0.0546 -13.3 -16.58
0.9 0.0546 -13.9 -17.34
0.8 0.0625 -15.9 -16.72
0.7 0.0937 -12.4 -17.13

Table3:Spectral Parameters of FrFT Based Bartlett window
for variations in a

a HBW in dB MSLA indB SLFOR
indB
1 0.0195 -26.7 -45.29
0.95 0.0195 -28.1 -45.85
0.9 0.0195 -30.4 -48.25
0.85 0.0214 -21.9 -49.09
0.8 0.0253 -15.3 -52.61

Tabled:Spectral Parameters of FrFT Based Hanning
window for variations in a

a HBW in dB MSLA indB SLFOR
indB
1 0.0214 -315 -45.37
0.95 0.0214 -33.2 -45.27
0.9 0.0214 -31.9 -46.77
0.85 0.0214 -24.0 -49.16
0.8 0.0273 -18.3 -52.25
0.75 0.0332 -14.0 -55.84

Table5:Spectral Parameters of FrFT Based Hamming
window for variations in a

a HBW in dB MSLA indB  SLFOR
indB
1 0.0234 -42.5 -48.73
0.95 0.0234 -44.5 -50.06
0.9 0.0234 -36.0 -54.47
0.85 0.0253 -29.6 -42.2
0.8 0.0273 -25.1 -46.95
0.75 0.0312 -21.9 -40.05

4: Conclusion:

From the study of Exponential derivation of FrFT for
Drichletwindow,Barlettwindow,Hanning window and
Hmmingwindow, The controllability of window parameters
like HBW,MSLA and SLFOR is possible..i.e. for Dirichlet

window The MSLA increases from -13.3 dB to -13.9 dB for
a= 0.95 and decreases for other values of a[Table-2].similarly
for Bartlett window the MSLA increases from -26.7dB to -
28.1 dB and -30.4dB for a= 0.95 and 0.9 Respectively[Table-
3].For Hanning window The MSLA increases from -31.5 dB
to -33.2 dB for a= 0.95 and decreases for other values of a
[table-4], Finally for Hamming window The MSLA increases
from -42.5 dB to -44.5 dB for a= 0.95 and decreases for other
values of a[Table-5]), and also one of the property of FrFT is

Generalization of FrFTto FT i.e. when a = '12—" where a=1;then

The FrFT should equals to FT.(By comparing the Table-1 with
Tables-2,3,4,5. Respectively for a=1)This proposed
Mathematical derivation of FrFTfulfillsthe Property of FT [
APPENDIX-A].
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exp(—iut,cosec(a)) exp(—iut,cosec(a))

I =( )(t, —t1)

—iucosec(a)
———(68)

—iucosec(a)

icot6(a) (t3 — t3) — — — (69)

Substitute a = g in equation-(67),it becomes

1

Substitute a = g in equation-(68),it becomes

I, = (tz - t1)+

—lu

exp(—iut,) exp(—iut,)
L= i - —iu

)(tz —t)———(71)

Substitute a = g in equation-(69),it becomes

L=t;~t;===(72)
" wy(u) = \/z t,— t,) (exp(—.iutz) 3 exp(—.iut1)>]
2 —iu i
—-——(73))

The Equation-(73) is the FT based Dirichlet window shown in
equation-(4) of given in section-11. ThusFrFT is the generalized

FTata =Z.
2

I1.Hanning and Hamming window functions

we(W) =p.(Iz +1, +1I5) — — — (74)

Where

1—jcot(a) julcot@
= |[——¢ 2
2

The equation for I5 is similar to Dirichlet window i.e.
equation-(73)

w,(u) = p \/;(tz - t) (%L;um

exp(—iut,)
—iu

) —(75)

Where

. exp(i2mt, — iut,cosec(a))
1 i2m — iucosec(a)

exp(i2mt, — iut,cosec(a)) ( )
i2m — iucosec(a) 21
—— =77

Substitute a = g in equation-(77),it becomes

exp(i2mt,)  exp(i2mt,)
i2m i2m

(t; — t) = —=(78)

41 =

icot(a)
6

Iy, = (tz - t1) + (t23 - t13)— (79)

Substitute a = g in equation-(79),it becomes

L, = (t; —t;) — — —(80)
o (1=p\ |1 [exp(i2mt,) exp(i2mt)
s _( 2 )\/;[< 2t i2n >]_(81)

Similarly

e (59 ("

2 2m —i2m

exp(—i2mt,)
- )j—(82
5. ] (82)

exp(—iut,)
—iu

1
v we(w) =P E[<(t2 - t1)<
B exp(—iut1)> N (1 - ﬁ) (exp(iZntz)

—iu 2 i2r
exp(i2mt,) N (1 - ﬁ) exp(—i2mt,)
éZTL’ ) 2 —i2n
exp(—i2mt
— =) - =(83)

—i2m

IJSER © 2013
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 4, Issue 6, June-2013
ISSN 2229-5518

The Equation-(83) is the FT based Hanning and Hamming
windows shown in equation-(14) of given in section-

I1. ThusFrFT is the generalized FT ata = —.
Hence it is proved that fractional Fourier Transform is the
generalized Fourier Transform for a = g
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